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Abstract
We calculate the mass spectrum of the scalar meson nonet in the Nambu{Jona-
Lasinio model (NJL model) with the ’t Hooft interaction. We also include correc-
tions connected with meson loops in our analysis. The masses of the pseudoscalar
and scalar meson nonets are in a satisfactory agreement with experimental data
except for the mass of the f0(980) scalar meson. In order to describe this mass
more correctly, it is necessary to consider the mixing of  and f0 mesons with the
glueball state. The solution of this problem is delayed until our subsequent work.
1. Introduction
During the last years noticeable progress has been achieved in both experimental and
theoretical investigations of scalar mesons. The low-mass sigma meson appeared in the
last Review of Particle Properties (1996) [1]. A new theoretical analysis of experimental
data on the low-mass sigma meson has been completed in the papers [2, 3]. Scalar mesons
in the NJL model with the ’t Hooft interaction were investigated in [4, 5]. In the papers
[5] the coupling of the qq states to the two-pion continuum and a model of connement
were also included into considerations.
Here we continue these investigations in the framework of the standard NJL model
and consider not only the pion loops but also the kaon, K, K0  and  loops, which
play a very important role in describing masses of the scalar a0, K

0 ,  and f0 mesons.
Our work is organized as follows. In Sec. 2, we describe the characteristics of our
NJL model with the ’t Hooft interaction. We dene the main parameters of this model
- the cut-o parameter  and the constituent u-quark mass mu using the experimental
values of the pion decay coupling constant F=93 MeV, the -meson coupling constant
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g = 6:14 (
g2
4
 3), describing the decay  ! 2, and the relation g =
p
6g. In Sec.
3, we describe the masses of the isovector and strange mesons. In Sec. 4, we calculate
the quark-loop contributions to the masses of the , 0,  and f0 mesons. In Sec. 5, the
numerical estimations of the quark-loop contributions to the meson masses are carried
out. In Sec. 6, the meson-loop contributions to the scalar meson masses are estimated.
Sec. 7 contains some discussion and conclusion.
2. The NJL model with the ’t Hooft interaction
The U(3)U(3) version of the NJL model supplemented by the ’t Hooft interaction takes
the form








−K fdet[q(1 + γ5)q] + det[q(1− γ5)q]g (1)





1, with 1 being the unit









The Lagrangian (1) can be rewritten in the form (see [6])









































7 = G 4KmuI1(mu);
G()u = G 4KmsI1(ms); G
()















We have used here the Euclidean space and the cut-o parameter .
Now let us dene the parameters mu and , following the papers [7, 8, 9]. We shall
use the four equations:










3) the relation between gqq and gqq, which was obtained by taking into account the









where Ma1 is the a1-meson mass;





>From equations (5)-(7) it is possible to express the constituent u-quark mass through







!2375 ; mu = 280 MeV: (9)
Then, from (6) and (8) we dene
 = 1250 MeV: (10)
3. The masses of the isovector and strange mesons
Now let us rst consider bosonization of the diagonal parts of the Lagrangian (2) intro-
ducing the isovector and strange mesons. In Sec. 4, we conduct the bosonization of the
last part of the Lagrangian (2) containing the nondiagonal terms.
















































G = G+ 4KmsI1(ms);
GK = G − 4K(msI1(ms)−muI1(mu));
Ga0 = G − 8KmsI1(ms); (12)
GK0 = G − 4K(msI1(ms) +muI1(mu));
3
g2a0 = [4I2(mu)]
































 ga0 ; gK = Z
1=2
K gK0 ; Z  ZK  1:44 :








































The rst relation is used to dene the parameter G. For the experimental values M0 =
135 MeV we have
G = 4:92 GeV
−2: (15)
4. The masses of the , 0,  and f0 mesons





















(qq); ( = u; s) ( = u; s)
where
G(+)u = G − 8KmsI1(ms); G
(−)
u = G;























































gu = guu; gs = [4I

2 (ms)]
−1=2; gu = guu; gs = Z
1=2gs : (21)
>From the Lagrangian (19), in the one-loop approximation, the following expressions for






















































































After diagonalization of the Lagrangian (22) we nd masses of physical states of the































Let us dene the mixing angle for the pseudoscalar mesons
s =  cos  + 
0 sin ;
u = − sin  + 
0 cos ;  =  − 0 (27)
where 0  35:30 is the ideal mixing angle (ctg 0 =
p









For the scalar mesons we use the relations
u =  cos + f0 sin ;
s = − sin + f0 cos ;  = 0 −  (29)







5. Numerical estimations of quark-loop contribu-
tions to meson masses
Using for the parameters ms and K the values
ms = 425 MeV; K = 13:3 GeV
−5 (31)
we obtain the following estimations for the masses of the pseudoscalar and scalar mesons
M = 135 MeV; MK = 495 MeV;
M = 520 MeV; M0 = 1000 MeV: (32)
M = 550 MeV; Mf0 = 1130 MeV;
Ma0 = 810 MeV; MK0 = 960 MeV; (33)
 = −19;  = 24:
Note that the pion and kaon masses are the input parameters in our model. The experi-
mental data are [1]
M0 = 135 MeV; M = 139:6 MeV;
MK+ = 493:677 0:016 MeV; MK0 = 497:672 0:031 MeV;
M = 547:45 0:19 MeV; M0 = 957:77 0:14 MeV;
  −20 [11]: (34)
Mf0(400−1200) = 400− 1200 MeV; Mf0(980) = 980 10 MeV;
Ma0 = 983:5 0:9 MeV; MK0 = 1429 6 MeV: (35)
Comparing the theoretical results with the experimental data we can see that we have
obtained satisfactory results for the pseudoscalar mesons and for the octet-singlet mixing
angle of the (0) mesons. However, for the scalar mesons we have got the masses smaller
than the experimental data (except for the f0 meson). In the next section, we shall show
































6. Meson loops contributions to masses of scalar
mesons
In this section, we consider the coupling to the two-meson continuum of scalar mesons,
following the works [5]. However, in [5] only the pion loops were taken into account. Here,
we deal with the meson loops with the pions, kaons and (0) mesons. We look only at the
real parts of these meson loops and use the regularization of the divergent meson integrals
with the help of the cut-o parameter m. We put this parameter inside the interval 1
GeV (Ma0)  m  1:4 GeV (MK0 ). Therefore, we can use the value m = .
2 We would
like to obtain here only a qualitative estimations. Therefore, a more exact value of  is
not important for us especially when taking into account the logarithmic dependence of
meson loops on .
Firstly, we estimate the meson loop contributions to the masses of the a0 and K

0
mesons (see Fig.1). The diagrams (a), (b), (c) and (d) contain the following meson
vertices (see Appendix A)3:













These meson loops give the following additional contributions to the masses of the a0 and
K0 mesons (see Appendix B)
M2a0() = 0:19 GeV
2; M2a0(KK) = 0:054 GeV
2;
M2K0 (K) = 0:4 GeV
2; M2K0 (K) = 0:01 GeV
2; (37)
M2K0 (K
0) = 0:41 GeV2:
2A similar method of regularization of meson loops was used in papers [12, 13], where the 1=Nc
approximation in the NJL model was investigated.























































As a result, for the masses of the a0 and K

0 mesons we obtain
Ma0 = 950 MeV; MK0 = 1:33 GeV: (38)
These values are in the 3-7% agreement with the experimental data (see eq. (35)).
Now let us consider the  and f0 mesons and calculate the pion and kaon loop cor-




us (eq. (24) and Fig.2). The meson vertices in the
diagrams of Fig.2 have the forms (see Appendix A)
Lu = guu~
2; LuKK = guKKuK
2;
LsKK = gsKKsK
2; Ls = gss
2:
(39)
Then, the mass terms in eq. (24) obtain the following additional contributions
MSuu() = 0:3 GeV
2; MSuu(K) = 0:03 GeV
2;
MSss(K) = 0:5 GeV
2; MSss() = 0:02 GeV
2; (40)
MSus(K) = −0:2 GeV
2:
The contributions from the quark loops (eq. (24)) are
MSuu = 0:34 GeV
2; MSss = 1:24 GeV
2; MSus = 0:19 GeV
2: (41)
Eqs. (40) and (41) result in that the singlet-octet mixing angle of the scalar mesons is
approximately equal to the ideal angle after taking into account the kaon loops, and the
masses of the  and f0 become
M = 0:8 GeV; Mf0 = 1:32 GeV: (42)
7. Conclusion
In this work we have followed the paper [5] where the  and f0 scalar mesons were also
investigated in the NJL model with the ’t Hooft interaction and the pion loop contributions
were taken into account. However, in contrast with [5] we use the other values for our
parameters mu = 280 MeV, ms = 425 MeV and G = 4:92 GeV
−2. In [5] the parameters
mu = 364 MeV, ms = 522 MeV and G = 10:76 GeV
−2 were applied. We obtained this
dierence because we used, for the denition of our parameters, the relations g =
p
6g
and took into account the  − a1 transition. Therefore, we expressed our parameters
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through the physical observable values F, g and M, MK . In [5], instead of the relation
g =
p
6g, the quark condensate was implicated and a too large value of the constituent
u-quark mass was obtained. (The standard value of mu  MN=3  310 MeV where MN
is the nucleon mass). We also applied another method for estimation of the real parts of
the divergent meson loops, which have been used in papers [12, 13], and considered the
contributions of the pion, kaon and -meson loops.4
Our calculations have shown that the meson loops give very noticeable contributions
to scalar meson masses, especially for the  meson and for the mixing term. We have
obtained the interesting result that the kaon loop contribution to the mixing term almost
completely annihilates the contribution from the ’t Hooft interaction. As a result, the 
meson contains only u and d quarks and the f0 meson consists of s quark. Therefore, in
order to describe the experimentally observable decay f0 ! 2, it is necessary to take
into account the mixing with the glueball state (see, e.g., the paper [14]). If the glueball
state is heavier than f0(1300), after mixing of the glueball with the f0 and  mesons their
masses will be lighter. The corresponding investigations are planned to be carried out in
future.
It is interesting to note that in paper [15] it was shown on the basis of an analysis
of data on the lightest 0++ meson nonet that the f0(980) and f0(1300) resonance poles
are two manifestations of the same ss state. For the uu + dd state ( meson) the mass
M  860 MeV and the decay width 880 MeV were found.
Thus, in this work we have shown that it is possible to describe, in the framework of
the NJL model with the ’t Hooft interaction, the masses of the pseudoscalar and scalar
meson nonets with the 5-7% agreement with the experimental data (see Table 1). We
have also obtained a satisfactory value of the pseudoscalar singlet-octet mixing angle.
To describe scalar mesons, it is necessary additionally to take into account meson loop
contributions.
However, for the correct description of the scalar  and f0 mesons, we have to consider
the mixing of the glueball states with the isoscalar components of these mesons. This
problem will be considered in our subsequent work.
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 0.0182 | 0.135 134:9764 0:0006
K 0.245 | 0.495
497.672  0.031
493.677  0.016
 0.27 | 0.52 547.45 0:19
















KK = 0:5 1.32
980 10
(1300) [15]
Table 1: The rst two columns are the contributions to the square meson masses from
the quark loops and meson loops. The third column is the theoretical results and the
fourth column is the experimental data. The pion and kaon masses have been used as
input parameters.
A. Scalar-pseudoscalar constants from the triangu-
lar quark-loop diagrams.
Here we present in more details our calculation of the triangular quark-loop diagrams
which give the scalar-pseudocscalar coupling constants we use when estimating pseu-
doscalar meson’s loop corrections to the masses of the scalars. The full set of contributing
diagrams is shown in Fig.3 where the letters u, s are associated with u-,d- and s-quarks
consequently. We do not make dierence between the u- and d-quarks, for their masses
are nearly of the same value, meanwhile, the strange quark’s mass is much greater than
that of a u or d.
In Fig.3 each side of a triangle, with an arrow on it, corresponds to a quark propagator,
and a letter beside it species flavor. A symbol on the left corner of each graph refers to a
scalar meson. For the dierent decay channels the dierent diagrams are drawn. In case
of the a0-meson two graphs are possible, those are (a) and (b) of Fig.3. The (c), (d), (e)
graphs correspond to the K0 decays.
With the external momenta set to zero, all diagrams in Fig.3 evaluate to integrals
multiplied by corresponding Yukawa constants, g, gK and gs and a factor Z
1=2. Most of
them immediately reduce to the intgrals I2(mu), I2(ms) and I2(mu;ms), exept for those
4In paper [5] the dispersion relations have been used to estimate the real parts of the meson loops.
We have used here the regularization with the cut-o parameter .
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where we used denitions (4) and (13). So the required integrals can be rewritten in terms























The last is more preferable because g, gK and gs are bound to observable parameters
via Goldberger{Treiman relations which we implicate thereafter and one can refer to
experimental data for the values.




























































































































































































































































In Appendix B we apply these results to obtain 1=Nc corrections for the masses of
scalar mesons where the contribution >from pseudoscalar meson loops is calculated.
B. Meson loops corrections to the scalar mesons masses.
In this Appendix we summarized the results of our estimations of the pseudoscalar mesons
loops contribution to the masses of scalar mesons. The corresponding one-loop diagrams
are depicted in Figs. 1 and 2. In our calculation we take into account only those diagrams
which relate to the physically allowed channels. That means that we discard all processes
in which the intermediate virtual states’ total energy exceeds the mass of the scalar meson
by value of the scalar resonance’s half width. Therefore, only the pion and kaon loops
contribute to the u state (Figs. 2.a and 2.b), for the a0-meson we include the diagrams
with virtual  (Fig. 1.a) and KK pairs (Fig. 1.b). The heavier particles, such as K0
12
and f0 need more diagrams to be considered. For the K

0 one has K (Fig. 1.c), K
and K0 (Fig. 1.d) channels, and for the s scalar state there are 2K (Fig. 2.b) and 2
(Fig. 2.c). In addition, nondiagonal graphs appear from meson loops. We retain only
kaonic contribution from such diagrams (Fig. 2.d).
Here we use our estimations for the three particles vertices of the eective meson
Lagrangian coming from triangular quark-loop diagrams (see Appendix A). Each loop
integral is evaluated for the scalar meson on its mass shell. The results are given below,
but before, some denitions should be made. First, we introduce the integral:






























where p = (MS; 0; 0; 0) is the scalar meson’s 4-momentum in the rest frame and MP;P 0 are
the masses of pseudoscalars.
Using (B.1), we dene short notations for the integrals desplayed below. Three letters
in the subscript relate each integral to the corresponding scalar meson and decay channel.
Ia0 = Imes(Ma0 ;M;M) = 2:8; Ia00 = Imes(Ma0 ;M;M0) = 1:22;
Ia0KK = Imes(Ma0 ;MK ;MK) = 1:66; IK0K = Imes(MK0 ;M;MK) = 2:2;
IK0K = Imes(MK0 ;MK ;M) = 1:9; IK0K0 = Imes(MK0 ;M0 ;MK) = 0:84;
Iu = Imes(Mu ;M;M) = 3:1; IuKK = Imes(Mu ;MK ;MK) = 1:65;
IsKK = Imes(Ms ;MK ;MK) = 1:8; Is = Imes(Ms ;M;M) = 2:0;
IusKK = Imes(Mus ;MK ;MK) = 2:9
(B.2)
where Mus = 1 GeV is chosen when evaluating the contribution to nondiagonal u { s
terms.



















The following expressions are pseudoscalar meson loop corrections to the diagonal matrix


















And the nondiagonal term is shifted by
MSus = −2guKKgsKKIusKK: (B.7)
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